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The internal estimator was first proposed by Mack and Müller \[[@CR4]\]. Jones et al. \[[@CR3]\] studied various kernel-type regression estimators, including the introduced internal estimator ([1.2](#Equ2){ref-type=""}). Linton and Nielsen \[[@CR5]\] introduced an integration method based on direct integration of initial pilot estimator ([1.2](#Equ2){ref-type=""}). Linton and Jacho-Chávez \[[@CR6]\] studied the other internal estimator $$\documentclass[12pt]{minimal}
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As far as we know, there are no results on asymptotic normality of the internal estimator $\documentclass[12pt]{minimal}
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The concept of *φ*-mixing is introduced by Dobrushin \[[@CR9]\], and many properties of *φ*-mixing are presented in Chap. 4 of Billingsley \[[@CR10]\]. If the coefficient of the process is geometrically decreasing, then the autoregressive moving average (ARMA) process can construct a geometric *φ*-mixing sequence. Györfi et al. \[[@CR11], [@CR12]\] gave more examples and applications to nonparametric estimation. We can also refer to Fan and Yao \[[@CR13]\] and Bosq and Blanke \[[@CR14]\] for the works on nonparametric regression under independent and dependent data.
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Some assumptions {#Sec2}
================

In this section, we list some assumptions.

Assumption 2.1 {#FPar1}
--------------
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Remark 2.1 {#FPar5}
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=======================================================================================================

In this section, we show some results on asymptotic normality of the internal estimator of a nonparametric regression model with independent and dependent data. Theorem [3.1](#FPar6){ref-type="sec"} is for independent data, and Theorem [3.2](#FPar7){ref-type="sec"} is for *φ*-mixing data.

Theorem 3.1 {#FPar6}
-----------
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Theorem 3.2 {#FPar7}
-----------

*Let the conditions of Theorem *[3.1](#FPar6){ref-type="sec"} *be fulfilled*, *where Assumption *[2.3](#FPar3){ref-type="sec"} *is replaced by Assumption *[2.3^∗^](#FPar4){ref-type="sec"}. *Then* ([3.1](#Equ8){ref-type=""}) *holds*.

Remark 3.1 {#FPar8}
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Conclusion {#Sec4}
==========

Linton and Jacho-Chávez \[[@CR6]\] obtained some asymptotic normality results of the internal estimator $\documentclass[12pt]{minimal}
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Some lemmas and the proofs of main results {#Sec5}
==========================================

Lemma 5.1 {#FPar9}
---------

(Liptser and Shiryayev \[[@CR18]\], Theorem 9 in Sect. 5)
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Lemma 5.2 {#FPar10}
---------

(Billingsley \[[@CR10]\], Lemma 1)
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Lemma 5.3 {#FPar11}
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(Yang \[[@CR16]\], Lemma 2)
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Lemma 5.4 {#FPar12}
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(Fan and Yao \[[@CR13]\], Proposition 2.6)
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Proof of Theorem [3.1](#FPar6){ref-type="sec"} {#FPar13}
----------------------------------------------
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Proof of Theorem [3.2](#FPar7){ref-type="sec"} {#FPar14}
----------------------------------------------

We use the same notation as in the proof of Theorem [3.1](#FPar6){ref-type="sec"}. Under the conditions of Theorem [3.2](#FPar7){ref-type="sec"}, by ([5.1](#Equ9){ref-type=""}), ([5.2](#Equ10){ref-type=""}), and ([5.3](#Equ11){ref-type=""}), to prove ([3.1](#Equ8){ref-type=""}), we need to show that $$\documentclass[12pt]{minimal}
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Consequently, ([5.12](#Equ20){ref-type=""}) follows from ([5.33](#Equ41){ref-type=""}) and ([5.36](#Equ44){ref-type=""}). Finally, by ([5.1](#Equ9){ref-type=""}), ([5.2](#Equ10){ref-type=""}), and ([5.12](#Equ20){ref-type=""}) we obtain ([3.1](#Equ8){ref-type=""}). The proof of theorem is completed. □
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